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SUMMARY

A solution of the plane elasticity problem for the cantilever beam is presented. The classical solution in the interior
region of the beam is developed with the aid of a geometric parameter. The effect of local transverse deformations and
distortions are accounted for in the solution near the clamped edge. Some numerical results are presented.

1. Introduction

The classical plane stress solution of the cantilever beam is well known [1]. The solution,
obtained by the use of an Airy stress function, is satisfied at the support by requiring that either
the slope of the deformed cross-section of the beam is set equal to zero at the beams centerline,
or the slope of the centerline itself is set to zero. The distorted cross-section is then without the
requisite zero displacements, throughout its depth, needed to satisfy a truly fixed edge.

It is the purpose of this paper to investigate the solution of the cantilever beam problem and
especially the edge solution near the support. Associated problems have been investigated by
others, Benthem [4], Torvik [3] and Gusein—Zane [ 7] to name only three. In these papers the
mathematical formulation and/or the method of solution were different from the problem
presented here.

The method presented separates the solution into two parts: the “interior solution” and an
“edge solution”. This is accomplished by the use of parametric expansions [2], where two
locally valid expansions of the stresses and displacements, in terms of a geometric parameter ¢,
is accomplished. The substitution of these expansions into the elasticity equations yield a
sequence of systems of differential equations for the determination of the expansion coefficients.
The solutions in the two regions are then matched and all the boundary conditions are satisfied.
The final result is accomplished by means of the principle of virtual complementary work [ 5].
In accomplishing the solution the effect of enforcing elementary bending theory and the
distortion of the beams cross-section are treated separately. The superposition of the solutions
would, of course, yield the final result.

2. Formulation of exact equations

Consider a rectangular strip of height 2H, unit thickness and length L made from an isotropic,

homogeneous, elastic material (see Fig. 1). It is assumed that the stress and displacement

description of such a strip can be obtained by the use of the plane stress elasticity equations.

The end X =0, —H< Y< +H is taken to be fixed, while the end X=L, —HSYZ< +H is

subjected to prescribed stresses. The surfaces Y=+ H, 0< X < L are prescribed to be free of

surface tractions. We further assume that the length of the strip is much larger than the height.
Define a parameter ¢ and dimensicnless coordinates by

¢e=H/L, y=Y/H, x=X/L : (1

where in accordance with our assumptions &< 1.
The displacements in dimensionless form are defined by -
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o o
u=u; —L, v=u,—L. 2
1 .5 o

The dimensionless stresses are defined as
O =0, O,=0t,, 0,=0t,. (3)

In the above o is a representative stress level and E is Young’s modulus.
In terms of the defined variables (1), (2) and (3) the equilibrium equations can be expressed as

ot,, Ot Oty 4 ot,,

» - 2 =0 4
® ox oy 0. @ Ox Oy @
while the constitutive relations become
ouy Ou, Ou, du,
i SR 22— et —t — == g — + 2e(1+2v)t,, . 5
ax XX Vtyy b 6y 6( yy xx) > 6)} £ ax + 6( + v) XYy ( )

The associated boundary conditions include the displacement conditions on the clamped end,

YV

Figure 1. The cantilever beam.

the stress conditions on the free end and the boundary y= 4 1, namely

Uy (05 y) = u2(07 y) =0 txx(l’ y)= 0, txy(la y) :f(y= E) (6)
ty(x, )=t (x, £1)=0.

3. Forinulation of the interior problem

We assume the displacements 1, and u, can be asymptotically represented by a power series
in terms of a sequence of “interior displacement coefficients” u{”(x, y) and u{’(x, y), in the
following manner

u (x,y; e)=uPe+ulPe3+...

(7)

It follows from Eq. (5) that each stress component may be represented by a power series in ¢ in
terms of a sequence of “interior stress coefficients” 172 (x, y), t%)(x, y)and 1% (x, y)in the following
way .

) 0) 4,2
uy(x, y; &) =uP+uP e, +...

L, y; &)= tWe+1tBe3+ .
: 2,2 (4,4

tylx y; &) =12+ et + .. (8)
C Y 1(3) .7 (5) .5

by, y; &) =t e7 +10e’ + ..

Substituting (7) and (8) into (5) and (4), we obtain
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0

6—x(u(1”8+u‘13)83+...) = ((Re+Qe+..)—v((DeE+6e’+ ) 9)

0

@(u‘zo’+u‘22)82+...) = (D +De+.. ) —v(De+3)e+..) (10)

0 0

@(u§1)£+u(13)83+...) = — a(u‘;”a+u‘22)e3+...)+2(1+2v)(t§3y>e3+t§;;)35+...) (11)
and

a (1) .2 (3) 4 6 2) .2 (4) 4

gc(txxa +tDet+..) + a—y(txye +t)e*+..)=0 (12)

0 (42,3 4 (4,5 0 (433 4 ()5 -0 13

a—x(twa +te +...)+a—y(tyys +6e+..)= (13)
respectively. The tractions at x=1 are taken as

La(Lys 8)=0,  t,(1y; &)= —3(1-y%)e?. (14)
The first set of equations obtained from (9-13) are

a”_(ll)ztm 6u“2°)=0 dui) _ ouy

ox = oy oy 0x

oy gy o -

dy Ox ay ox
Integration of (15) yields

y
0 . 0 dU(ZO)
W = UD(), = UP0)—y 2
dU® d*UQ 2y 2Py
=" -y @ =Ty - = (16)

dx dx? dx? 2 dx3
dngi,) N y2 d3 U(ll) y3 d4 U(20)

13 = TO () _r
¥ e e N = Rl iy

where UY” and U are displacements defined at y=0, and T'2 and T'2 are the corresponding
stress components. The conditions

Dx £1)=0, H(x, £1)=0 (17)
yields
PUY  LUp
=-te g2 =0 =0 (18)
From (18) we obtain
UP=A,x+4,. (19)
Here 4, and A4, are constants.
From Egs. (14) and (11) we have
VERISY
—3(1-y?%) _dx—; = —3(1-y?) (20)
or
X3
UP =5 + 43X’ +Aex+4s (21)

where 43, A, and A5 are constants.

Journal of Engineering Math., Vol. 7 (1973) 351-360



354 R. H. Bryant

Equations (14), (19) and (21) yields
A, =0, A,=-3%, 8=-3y(x-1). (22)

The final expression for the first approximation displacement and stress components are given
by

3
X
uM = —%(x2—2x)_A4y+Az .U = 5 IxXP+ A x+ A5

(1) (2) 3 2 (3) (23)
Atk =‘3y(x—1): txy=—7(1—y)9 tyy =0.
For a second approximation theory, (9-13) yield
Vy3
u,(la):T—_Aéy“‘A% U = —vy*(x— 1)+ Agx+ Ag
(24)

() =6 =10=0.
Again the subscripted constants denoted by A are rigid body displacements.
Egs. (23) and (24) represent the classical solutions for the strip problem (i.e. beam theory
and plane elasticity). An investigation of higher approximations indicates that no further
corrections to the first and second approximation is obtainable.

4. Formulation of the edge problem

The solutions obtained in the previous section will, in general, be independent of the boundary
conditions at the fixed edge. Therefore the interior solution will hold in some region away from
the edge. Near the edge, i.e. in the “boundary layer”, the solution must change rapidly from
that of the interior solution so as to be able to satisfy the edge conditions of the exact theory.

To obtain an expression that uniformly represents the solution up to and including the edge,
we employ a “stretching” of the independent variable x

(=2=2. (25)

Transforming the independent variable, we obtain

u(x, y; e)=u(, y; &), tlx,y; e)=t(& y; ¢ (26).

Here u and t are generic symbols representing the displacements and stresses. We assume
that 4 and t can be represented by a power series in ¢ in terms of a sequence of “boundary
layer displacement and stress coefficients”, written in terms of generic symbols, u™(¢, y),
™(&, y) where

M=

u€ yse) =2 uPE e, uP=0ifn<0
n=0
N (27)
(& yse) =) (& ye", ™=0ifn<0.
n=0
Introducing (27) into (5) and (4) yields the constitutive equations
0 ,
E(,u(lo’—k,u‘l”e+...) = e(tQ+1We+..)—ve(rP+Ve+...) (28)
0 (40 0 ©) 4 L) © 4 L)
@(uz +uPed..) = i)+ e+ ) —ve(t@+ e+ L) (29)
0 (O 40 0 (40 4 40 0 4 (1)
5;(#1 +uVe+..) = —-5_5(#2 +usle+ . )+ 2(1+v)e(r) +18)e+..) (30)
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and the equilibrium equations

A

0 0
a—é(rgg)ﬂgyw...) + a—y(rgg)+rg;>s+...)=o (31)
0 (0) (1) 0 (0) 4 (1)

D+ e+.) + =@ +1)e+..)=0. (32)

3¢ ay

Setting the same powers of ¢ to zero in (28-32) yields

(n) (n)
R 1 <5/41 n Vauz> |

€ T 1=\ o oy
B 1 oy (?,u(”))
-1 _ 2 1 33
Tyy 1—v2<6y + v e ). ( )
1 d ) ;] (n)
,E(ényf 1y __ <_i1_ + #2 )
2(1+v)\ oy o0&
and
it S P S APy (34)
Fle dy ot dy

For n=0 these equations yield
P =By, p=-B (35)

where B, is an arbitrary constant to be determined. For n =1 substitution of (33) into (34)
yields .

FuP | (149) P (1-y) Ful

8E? 2 #dy 7 oy 0 (36)
52 (n) 1+ 52 (n) 1— 52 (n)

HZZ ( V) Hl ( V) HZZ — 0. (37)
dy 2 0oy 2 ¥

The associated boundary conditions require that the surface y = + 1 are free of tractions and
the displacements at £=0 is specified. Consider solutions to (36) and (37) of the form

U, y)=a™ v (y, Blexp [ 7 ¢] . (38)

Here a™ are constants associated with . Substituting (38) into (36) and (37) and accounting
for the boundary conditions at y= +1 results in the following transcendental relationship

sin 28, = — 2, (39)
sin 28, = 28, (40)
The roots of Egs. (39) and (40) with positive real parts occur in pairs, f, and f, (its conjugate).

Equation (38) may be then taken in the form
2k

Uo(E y)=Re Y, @™ @™(y, f)exp[ - <] (41)

k=1

where Re denotes the real part. For non-trivial solutions of (39) we have displacements which
are symmetrical in y. The displacements and the corresponding stresses are given by
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kU1

= — [ﬁ + tan ﬁk] cos S, y+ysin By

1—v
Wr = [_) — tan ﬁk:‘cos Bey—y cos By

Bi(1+wv
= —_1 2 42
Klee = 1+v) {[(1_'_ v) + B tan ﬂk:‘ cos fy— Py sin ﬁkJ’} (42)
ey = (l—ll-v) [(1+ B, tan f) sin B,y — By cos ﬁkJ’]i
Ky = (1+v) - (1+v) + B, tan f; cos By y+ B,y sin k)’}

where the superscript n has been omitted. The antisymmetric displacements correspond to
non-trivial solutions of (40) and are given by

W = [ﬁil(— )) + tan Bk}s1nﬁky+y cos B,y

2 .
W = [m — tan Bk} cos B,y +ysin f,y

1
Klee = (ITV) [(1+ By tan By) sin By + By cos fiy] (43)

Kley = (IITV) [ﬁk tan f3, cos Bky—ﬁky sin ﬁkJ’]

Ky = — ﬁ [(1— By tan B) sin iy — Bry cos Biy] -

A straightforward calculation Wwill show that the stress resultants

1

1 1
j_lkréédy= S_ka%fdy’ j_lk%yd%

are identically equal to zero. Therefore the solutions given by (42) and (43) are self-equilibrating
and donot provide equilibrium conditions for the strip. In addition, the solutions in the bound-
ary layer should match the interior solution for large &. To fulfill the above requirements we
will add to solutions (42) and (43) the interior solution for ¢ approaching zero. Specifically, we
assume that each u®™(x, y), t"(x, y) near x=0 has a Taylor series expansion

u(n) x y Z f(n) t(") x y Z f(n) (44)
where the generic symbol f{”(x, y) is
Lia"'u(") (x, ) 1 0" (x, y)

m ’ m =
m! 0x =0 m! 0x o

(%, y) = (45)
0 (n<0)
From (7-8) and (25) we have in the neighborhood of x=0
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N n N n
xy’ Z Zf(ﬂ)é‘sy ZO ZO ("")Oyém"

n=0 m=0

(46)
togyie) =2 Y Lm0 p)Eme.

n=0 m=0

Equation (46) represents the interior solutions in terms of ¢ and y. The edge solution is finally
determined from (45) and (46):

A& y) = u™(E y) + Y unTm(0, y)em

m=0
Y =y + Y ™, y)em
m=0

for each n.
For the cantilever beam problem, if =0 the edge problem is represented by Eqns. (23), (41),
and (46) as

ﬁ(10)=B1ya /3(20)2 —B,{+A45. (48)

The boundary conditions at {=0 require B; =A;=0. Considering n=1 next, we have from
(23), (41) and (47)
0= i) = Aay Ay, B0 = i = gD+ AL

2(0) _ -(0) 2(1) 2(0) _ (0)
Teg = Tee s Tey = Teys Ty =Ty -

(49)

If A,=A,=0is assumed, the trivial solution must be taken as the result. For n=2, the first
order edge problem is obtained from (23), (24), (41), and (47) which yield

2K

N i L 3
AP =Re Y auvie P4,k 0358y
k=1
X V 2 2
pP=Re Y kakvze'”"§+2x+1a<§y —5> + Asg
k=1
2K
t) =Re ) i Tee "t ox41a 3y (50)
k=1
2K
2(1) _ ~ s
14) =Re kzl W Tz e P
2K
A1 —~
r(),y) =Re ) kg Tyy € bit |
k=1

In (50) only the first K values for the eigenfunctions which occur in pairs are considered. The
constant ,, ;a represents the coefficients of the deformation and corresponding stress which
result from the interior solution. The reason for its introduction will become apparent in the
next section. All the constants,a are to be normalized by Re (, . ; a) to obtain the final solution.
It should be noted that only the antisymmetric solution obtained from (43) are included in
(50). The constant 45 may be set equal to zero without effecting the results.

Finally the second approximation is obtained from (23), (24), (41) and (47) for n= 3. The result
is
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2K ) v
i) =Re Z k% V1 € ﬂk§+2x+1a<g y3_fZJ’> — Aoy+A4;
k=1

2K
v
~A(3) _ — Pué 2 123
A9 =Re ) ,aqu,e ﬁk'+zx+1a<“ _§f>

K= 2
2K »
A(2 — &
2 =Re ) ,ateee” ok i3aly (51)
k=1
2K
A2 ~But 3 2
1) =Re ) i 15e P~ p,a3(1-)7)
K=1

2K
22) _ -pit
22 =Re kz G Tye PR
=1

The terms in (51) are defined as in (50). No generality is lost by taking 4, =A44=0.
The effect of the deformations parallel to the fixed edge are seen to occur in (50) while the
distortion of the cross-section of the beam occurs in (51).

5. Problem solution

Equations (50) and (51) will be solved as two separate systems. The results need only be super-
imposed to yield the total solution. To determine the constants ,a the principle of virtual
complementary work is used in the form

j (62:0% e+ 62, 61y 5,,08,,)dV = j (U, 8t 4+ Uy 62,)dy +

5,
4 j (U, 8tee+ Uy 0t)dy (52)
52

where ¢;:, &.,, £,, are the strains, U;, U, are prescribed displacements, 61, 6%,,, 67, the static-
ally admissible stresses; d7,;, 0, the corresponding tractions for large £. §; and S, are the
boundaries at £{=0 and ¢ large respectively. The notation 6% =4 (,a), is used. It should be
clear that U; and U, at S, are the displacements for the interior solution.

Applying the divergence theorem to (52), substituting (50) and (51) into the result and
furthermore assuming that the decaying exponential terms are negligible for large &, the two
integrals which occur at S, cancel each other. This is a consequence that the tractions and
displacements from the edge solution match those of the interior solution on S,. The result is

2K+1 2K+1 - _ - _

z R’B ‘( [ Z (kakﬁ1n16f<é+kakﬁ26féy)_ Ulméffé_*_ UZméféy] dy = O N (53)
m=1 S k=1

In (53) the bar quantities indicate the complex conjugate of the stresses. The relation furnishes

2K +1 equations for 2K 4+ 1 unknowns when U, and U, are specified.

7. Numerical results

The roots of the transcendental equations were determined numerically with the aid of an
electronic computer. The values of v and L/H are taken to be 0.25 and 20 respectively. The in-
tegrals in (53) were performed by hand and the constants ,a determined numerically.

The solution for the first order approximation was obtained by substituting (50) into (53) and
setting U, = Ay and U, =0. After the constants ,a are determined the rigid body displacements
py = — Ay and u, = A are superimposed to achieve the desired result. In addition it was found
that a rigid body translation of 0.001705 4 was necessary to finally orientate the strip. This
value of the rigid body translation corresponds to 30 pairs of terms. Of particular interest are
the results at the clamped edge. The convergence of the horizontal displacement to the desired
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value (prior to the addition of the rigid body motion) is compared in Fig. 2 for two different
numbers of pairs of eigenvalues. The lack of agreement was 0.19 percent over the entire cross-
section for 10 pairs of terms. There is no noticeable difference for 30 pairs. The results for 20
pairs of terms are not included for clarity. The convergence for u, is not quite as good for the
same number of terms.

1.4
------ 10 PAIRS
——— 30 PARS
124
1.0+ 7
Vi
0.8t
<
~
=)
06T .
0.4
024 /
/
/7
0 + } t t
0.2 0.4 0.6 0.8 1.0

Y COORDINATE

Figure 2. Horizontal displacement for the first approximation at X =0.

1.80

------- 10 PAIRS
————— 20 PAIRS i\
——— 30 PARRS Ia

1351

0901

tgg (1071)

0.451

t + } +
[} 0.2 0.4 06 0.8 10
Y COORDINATE

Figure 3. Normal stress for the first approximation at X =0.

The stress condition at the clamped edge is of particular interest because of the singularity
which exists at the corners [6]. The normal and shearing stresses are shown in Figs. 3 and 4.
The computed values are connected by straight lines for comparison with different numbers of
eigenvalues. It is seen that the behavior is erratic over the entire plane of the cross-section. For
the normal stresses the erratic behavior increases with a greater number of pairs of eigen-
values, especially away from the center of the edge toward the corner. This trend is not as
apparent with the shear stresses. The stress ¢,, is not plotted as its behavior is also erratic, and
it was felt no new information would be added by including its results in the figure.

For the second approximation, the solution is obtained by substituting (51) into (53) and
setting U, =0, U, = A. Only the rigid body translation U, = — 4 need be added to achieve the
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10.0

------ 10 PAIRS
——= 20 PAIRS
—— 30 PAIRS

8.01

4014

20T

g (10~

—2.01

—4.0

—6.0s t t t +
0 0.2 0.4 0.6 0.8 1.0

Y COORDINATE

Figure 4. Shear stress for the first approximation at X =0.

desired result. The general behavior and quality of convergence are similar to those of the first
approximation. That is, the agreement with displacements are good, but the stresses were
again erratic in behavior for the number of terms in the computation. It should be mentioned
that the normal stresses were about one order of magnitude less than in the first approximation.

The final result is obtained by superposition of the two solutions in accordance with (47).
For both solutions the self-equilibrating terms are negligible at X =04 H.

8. Conclusions

Through the use of parameter expansions, the formulation of the cantilever beam problem was
obtained in a systematic manner. The classical solution was obtained in the region away from
the edge without reference to the end fixity. By use of a stretched coordinate, a self-equilibrating
solution valid in the region adjacent to the edge was obtained. The classical solution was then
superimposed on this solution in a consistent manner at each level of approximation. The un-
known constants appearing in the edge solution were then determined by the principle of
virtual complementary work. The analysis of similar problems in plane elasticity are possible
by the same technique.

For the number of terms used in the computation, the series solution for the stresses at the
edge did not converge. This was particularly noticeable away from the center of the beam axis.
The trouble encountered here was noted in Torvik’s paper [3] for a similar problem. It was
noted in that paper that the singularity in the stress field at the corners may have well caused
the lack of convergence.

The solution for the displacements at the edge converged quite well.
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